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On continuity of functors between locally presentable categories
Locally presentable categories

Locally presentable categories have been introduced by Gabriel and Ulmer in 1971.

Examples include:

e (Finitary) varieties; <— wodels CX- ”-‘1““({°‘*°Q’ Haoovies ( G"'P ) Q‘“S - )

¢ (Finitary) quasivarieties; &« # 7 fu*p&ca—('fow '('('&-"‘”t"-S ( Gra, A\o(.‘e_—)
[ ® Grothendieck topoi;

® (Categories of models of limit sketches; ¢=> LQ‘/%Q‘S T
Z

® (Categories of models of essential algebraic theories
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Locally finitely presentable categories

Definition by examples:

X ¢
CSeb s dwks KeSk e X- UX (K/xld)
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The actual definition

XU\S o.m CoP?.oolaLj'S
w.w‘ cmc‘uﬁxacrs.
Definition v(
A category K is called locally finitely presentable if it isicocomplete and has a set of finitely
presentable objects which generates K under directed colimits.

,(_( X eK_g_ 24 Hom(X,_):K—;)&;-‘- L.) every D‘of.(;‘» 4 K » a divecled cfinck

Prwves & Y@-CLC& wQ‘LM"'S og o(ode_c(-g .?zov.g K_@ .
Other examples: Infinitary version: oo dom \
Ce o \\ Wt « W ol b
GAL, DoAb, Cob | Sk mplce ool
’Gil _Ai"-k..{.,--- %/Blki’""
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The theorem

Pwvas a\\ve.cS&c[/

coWuun:
Theorem w

Let K€ be locally finitely presentable. There exists aregular cardinal v for which every finitary
F: K — L, with L locally finitely presentable, is@y-continuous if and only if it is(continuous.

F praenves 4’} - + prstrves (')
y SW\.&QQ. P‘boolu.ci-c OAA 0—“‘41’1123@\’8 __> ng(u‘c{- S Mo\ a_ctu.aﬂa.&?.‘r% .

The optimal regular cardinal v provided by our proofs is one for which:
® [Cr has less than «y objects (up to isomorphism);
® there exists § such that v > g > #Hom(X, Y) for each X, Y € Ks.

ay. K= VIS A

e



On continuity of functors between locally presentable categories
Dualizable objects

dia- gew + pooy -
An R-module M is called dualizable if M'&® =2 Hom(M*;=)for some M*& How CH,I)

7

Corollary
An R-module M is dualizable if and only if it is flat and M ® — preserves v-small products. J

Note: if R if finite, then R-Mods has countably many objects and its hom-sets are all finite; so
we can choose 7 = Ny;
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Dualizable objects

An R-module M is called dualizable if M ® — = Hom(M*, —) for some M*.

Corollary
An R-module M is dualizable if and only if it is flat and M ® — preserves v-small products. J

Note: if R if finite, then R-Mod¢ has countably many objects and its hom-sets are all finite; so
we can choose 7 = Ny;

Let V = (W, ®, /) be a symmetric monoidal closed and locally presentable category:

Corollary

There exists a regular cardinal v such that an object X € V is dualizable if and only if
X & —:V =V is y-continuous.

—4‘




On continuity of functors between locally presentable categories
An adjoint functor theorem

In general, for finitely presentable categories we know that:

Theorem

For any finitary functor U: KC — L between locally finitely presentable categories, the following
are equivalent:

@ U has a left adjoint;

® U is continuous.
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An adjoint functor theorem

In general, for finitely presentable categories we know that:

Theorem

For any finitary functor U: KC — L between locally finitely presentable categories, the following
are equivalent:

@ U has a left adjoint;

® U is continuous.

Fixing the domain K, we can specialize it as follows:

Theorem

Let KC be locally finitely presentable. There exists a regular cardinal v such that for any finitary
functor U: IC — L, with L locally finitely presentable, the following are equivalent:

@ U has a left adjoint;

® U is y-continuous.

v
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The enriched version

Let V = (Wb, ®, 1) be a symmetric monoidal closed and locally finitely presentable category.
The results above also hold in an enriched setting:

Theorem

Let K be a locally finitely presentable V-category. There exists a regular cardinal ~ for which
every finitary F: K — L, with L locally finitely presentable, is ~y-continuous if and only if it is

continuous.
My initial motivation was to prove: fos mQQ Cewnnts 'lamuw\'.vac‘/
b w\w“or
Theorem V/ 4 Y !
A small V-category is(accessible if and only if it istfCauchy complete. J
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