
 

On Small Accessible Dcategories and continuity of accemble
Dfunctors

V Set A small category C is accemble

MakkalParet idempotent split me
C is Candy complete

o

A mall V category E is accemble

Today as it is Candy Complete

1 V Set

Every accemble category has splittings of idempotent

Let E be small and have splittings of ickupotents
Take p at letsp take 8 p
8 filtered colints we splittingof idem

every objectof E is 8 presentable
So E is J accemble

I Setting

V is sym monoidal closed and locally presentable

I fix to sit V is loc a peer as a closed category



From now on every cardinal as do

Def Let t be a Vcategory

A is conically amble if it is the free cocompletion of a

small Vcategory under x filtered coliants for some x

it is able if A a Flat et for a mall e

e and some d
Weworkwith this

J
t small V category is conically acamble it has

splittings of idempotents

Il Flatness

Def Let q e4 58 be a f functor we say that y is

Kelly a small if
i e is a small lobcell ex ex Y e k
ai pix e k k Xe e

x mall limits are those weighted by 2 mall functors

Def We say that p eat 78 is a flat if peony

LamyG is a continuous y I V49



earBut Lau GE YA

Equivalently y counts commute in D with x small limit

Prop Let q EMV be a Kfunctor TFAE

i q is a flat
ii q preserves x mall limits of representables
If EM is a complete moreover

iii q is a continuous

Lemma Given q et V and J E D

is aflat Langopy is a flat
if Jos f f and Langapp is a flat q is a flat aswell

Def q e V is Cauchy if it is a flat ta
i e y e V D is continuous

q clients are preserved by any Dfunctor

y clients are absolute

We say that C is Cauchy complete if it has all absolute
coliants i e all coliantsweighted by Cauchy fantors

Fact E is candy complete Ce Cauchy ETV Ece D

N The Result



A Ife is small and acecemble E is Candy complete

Because Cauchy counts are x flat for any x

Let e be Candy complete and Small we want to find In
E Ok

Ex Cauchy er VI 8 Flat e V
I need to prove

there E is f accomble by definition

Proposition If q EMV is a small and a flat then it is

Candy

Proof Let D Iet free completion under a small hunts
J CFD inclusion

We can take X 24 J ED then

Lan 4 E Dex use that g is a flat
But Dex 7 is Cauchy then Lang y is Candy

4 is Candy by the Lama D

Now Given E A's enough to fund 8 much that every
8flat q ear s V is 8 small



Easy for D Set Makkai Pare
Lemma Let e be an small category Take pot E is p small and

Psp then any 8 flat q et Set is p mall and in

particular 8 small

Proof Assume 7 X EE nt q x has p distinct elements

Xi ice III p
Xi XI e Elly 8 filtered

I Cy Y eEley f w ex X g y m Elly
g filly Xi

e is p small the fi CB This isacoutraddiction
became the Xi's are all distinct

Prop Let e be a mall Vcategory then there is 8
such that every 8 flat y EM 38 is 8 small
Ju particular every

8 flat y is Candy

Sketch E x complete for some 2

First take pix
1 E is B small as a V category
ii For any X EV

X eVp ICY X ESet t Yek
then take 8 p
Take any Candy complete E

and use



theorem A small Vcategory E is accemble it is Candy Complete

D

Prop Let K be locally a presentable then there exist 8 mechthat

any L accessible preserves 2 htt colints V functor
F K L L a accemble D category is continuous

if and only if it preserves 8 small limits

Proof Take 8 as in the Proposition for E ka
blog L V

F Fcontinuous

FJ preurves f small

t
dCoatKatVl K

hurts of representable
FJ is 8 flat
FJ is Candy

É FJ is continuous

F is continuous
D

Corollary X EV is dualizable X is 8continuous


