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Idea: ◦ and ∗ are the same and commutative.
This is the Eckmann–Hilton argument:

a ◦ b (1 ∗ a) ◦ (b ∗ 1)
(1 ◦ b) ∗ (a ◦ 1)
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(b ◦ 1) ∗ (1 ◦ a)
(b ∗ 1) ◦ (1 ∗ a)

b ◦ a

=
=
=
=
=
=



1-degenerate 2-categories

2-category monoidal category

0-cells
1-cells
2-cells

hor. composites

vert. composites

identity
interchange

=

} trivial -

objects
morphisms

⊗

composition

unit object
interchange

(a ⊗ b) ◦ (c ⊗ d) = (a ◦ c) ⊗ (b ◦ d)

2-degenerate 2-categories

2-category comm. monoid
0-cells
1-cells
2-cells

hor. composites
vert. composites

identity
interchange

} trivial
-
-

elements
multiplication ∗
multiplication ◦

unit for ∗ and ◦
interchange

(a ∗ b) ◦ (c ∗ d) = (a ◦ c) ∗ (b ◦ d)

Idea: ◦ and ∗ are the same and commutative.
This is the Eckmann–Hilton argument:

a ◦ b (1 ∗ a) ◦ (b ∗ 1)
(1 ◦ b) ∗ (a ◦ 1)

b ∗ a
(b ◦ 1) ∗ (1 ◦ a)
(b ∗ 1) ◦ (1 ∗ a)

b ◦ a

=
=
=
=
=
=



Eckmann–Hilton Argument

horizontal
units

horizontal
units

interchange

interchange

vertical
units

vertical
units

vertical
units

vertical
units

interchange

interchange

horizontal
units

horizontal
units



2-degenerate 3-categories

2-cells
3-cells

composites
interchange

0-cells
1-cells

⊗s
braiding

horizontal
units

interchange

vertical
units

vertical
units

interchange

horizontal
units

braided monoidal categories
E–H

Coherence in 3 flavours

=

verticalcomposition horizontal
units interchange

GPS strict strict weak

JK strict weak strict

CC weak strict strict



2-degenerate 3-categories

2-cells
3-cells

composites
interchange

0-cells
1-cells

⊗s
braiding

horizontal
units

interchange

vertical
units

vertical
units

interchange

horizontal
units

braided monoidal categories

E–H

Coherence in 3 flavours

=

verticalcomposition horizontal
units interchange

GPS strict strict weak

JK strict weak strict

CC weak strict strict



2-degenerate 3-categories

2-cells
3-cells

composites
interchange

0-cells
1-cells

⊗s
braiding

horizontal
units

interchange

vertical
units

vertical
units

interchange

horizontal
units

braided monoidal categories
E–H

Coherence in 3 flavours

=

verticalcomposition horizontal
units interchange

GPS strict strict weak

JK strict weak strict

CC weak strict strict



The Eckmann–Hilton Clock



The Eckmann–Hilton Sphere



The Eckmann–Hilton Sphere



The Eckmann–Hilton Sphere



The Eckmann–Hilton Sphere



The Eckmann–Hilton Sphere



The Eckmann–Hilton Sphere



Summary

We have a heirarchy of results in progress demonstrating that all of the fol-
lowing produce symmetric monoidal categories:

• 3-tuply monoidal categories: two weak, one strict, strict interchanges
• 3-degenerate 4-categories: produced using iconic constructions
• (n − 1)-degenerate n-categories: produced using iconic constructions

Future Work
• Totalities: Do this for triply-degenerate 4-

categories and (n−1)-degenerate n-categories.
• Combinatorics: Investigate the interesting

structures arising from weak interchange and
the Eckmann–Hilton sphere.

• Higher Dimensions: Look at the higher
Eckmann–Hilton spheres.
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Thank you!


